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Abstract:  We use transfer matrices to obtain the dispersion relations of microring Coupled- 
Resonator Optical Waveguides (CROWS). We also analyze pulse propagation through finite and 
semi-infinite microring CROWs. The results agree well with FDTD simulations. 
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1 Introduction 
A Coupled-Resonator Optical Waveguide (CROW) consists of a chain of resonators in which light is guided 
through the coupling between adjacent resonators [l]. Due to the reduced group velocity inside a CROW, 
this type of waveguide may be useful for optical delay lines, pulse storage, or enhancing nonlinear optical 
effects [Z, 31. Our previous analysis of light propagation through a CROW has been based on a tight-binding 
approach (see for example, [4]). 
Rings constitute an important class of resonators since they can be readily fabricated and can be designed 
to support a single radial mode, making them the simplest to analyze and use. Optical filters composed 
of coupled ring resonators have been extensively studied theoretically and experimentally 15, 61, and their 
potential use for optical delay lines and “slow light” propagation has been proposed and analyzed [7, 8, 91. 
Using the transfer matrix approach introduced by Oda et al. and Orta et a1.[10, 111, we analyze the dispersion 
relation of and pulse propagation through microring CROWs. 
2 Dispersion Relation 
To calculate the dispersion relation of the microring CROW, we consider both forward and backward prop  
agating waves in an individual ring resonator, as shown in Fig. l(a). We assume phasematched coupling 
between two adjacent rings and no coupling between the forward and backward propagating waves in the 
resonators, so 
1 exp(irrpR) 0 0 1 -t 1 .=-[ 6 -1 t* 3 ;  *= [exp(-ilrPR) 
where t is the transmission coefficient of the coupler, n is the dimensionless coupling coefficient, R is the 
ring radius, and 0 is the propagation constant in the ring such that p = n(w)w/c. For lossless coupling, 
ltI2 + 161’ = 1. 0 may be complex to account for loss or gain in the ring. 
To obtain the dispersion relation, we apply Bloch’s theorem to Eq. (1). We msume lossless propagation 
and Im(6) > Re(&) for phase-matched coupling. At the resonant frequency of a resonator, R, the phase 
accumulated over a round trip is ZrrRRn(R)/c = 2 r n ~  where rn is an integer. Approximating n ( w )  = n(R), 
the CROW dispersion relation is 
sin(-rnlr) = ?cIrn(n) cos(KA), (2) 
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Fig. 1. (a) an infinite CROW, (b) a finite CROW, (c) a semi-infinite CROW 
where A is the CROW periodicity If we expand Eq. (2) in the parameter Awmr/n,  Aw = w - n ,  for 1 ~ 1  << 1,  
we obtain to first order 
w 
= 1 i K Z  cos(KA), (3) - n 
where K Z  
propagation. The result is identical to that from the tight-binding approach. 
Im(tc)/(mn). The two dispersion relations coexist to allow for forward and backward wave 
3 Pulse Propagation 
Physically, for a structure with input and output waveguides as in Fig. l(b), only the travelling wave with 
the matching group velocity as the input will be excited in the CROW. The travelling wave can be expressed 
as a superposition of the Blocb modes, which are standing waves. The 4 x 4 transfer matrix can be reduced 
to a 2 x 2 matrix in this basis. 
For a finite structure, by cascading the transfer matrices, we obtain the transfer functions for t.he through 
and drop ports. The transfer functions completely describe the output pulse shape given an arbitrary input 
pulse. Fig. 2(a) compares pulse propagation through 2 coupled rings using the matrix method with FDTD 
simulations. The matrix analysis is in excellent agreement with the numerical simulation. By selecting a p  
propriate coupling constants between the waveguides and the CROW, we may obtain a sufficiently flat filter 
response [12], such that the finite CROW mimics the semi-infinite CROW as in Fig. l(c). 
For the semi-infinite CROW in Fig. l(c) with weak inter-resonator coupling, there exists an analytic expres- 
sion for the pulse evolution. Assuming that the input pulse bandwidth is within the bandwidth of the CROW, 
then bin = 0 and 60(w) = - l / ~ a ~ ~ ( w ) .  If the field where 60 is taken is &(t, z = 0) = Jknd dwba(w)exp(-iwt), 
then the field at z = N A  where b , ~  is taken is 
E ( t ,  i = N A )  = la,, dwexp(-iwt) / gE( t ’ ,  z = 0) exp[i(wt’ + K(w)NA)] .  (4 
However, K ( w )  is given by Eq.(3), the dispersion relation of the CROW. Therefore, integrating over the half 
of the Brillouin zone that gives the appropriate group velocity instead of frequency in Eq.(4) and invoking 
the Jacobi-Anger relation, we obtain a convolution integral for the pulse envelope E(t, z) = &(t, 2) exp(i0t) 
J ( 5 4  E ( t , z = N A )  = --~c,,,a,,,,. Kzn dt’J,[nli,(t’-t)]E(t’,z=O), 
2= m 
for N = m -  1 and N = -m - 1 
for N = m +  1 and N = - m +  1 
for N + m = even (56) 
1 i f m = O  , 
Fig.@) shows the pulse evolution of a Gaussian input pulse computed using (5). In this example, pulse 
distortion only becomes prominent at large distances. 
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Fig. 2. (a) Propagation of B 3ps (FWHM) pulse centered about 1.55pm through 2 coupled ring resonators as 
computed by a FDTD simulation and the transfer matrix method (%p,ng-r,ng = 0.32, nwg-r,ng = 0.4i). 
(b) Evolution of a 2 . 4 ~  (FWHM) Gaussian pulse centered about 1.5pm in a semi-infinite CROW with 
K* = 0.01i. 
4 Conclusion 
The transfer matrix method is a powerful tool for analyzing microring CROWS. The formalism is particularly 
suited to physically realizable, finite systems. Pulse propagation can also be accurately modelled using this 
approach. 
References 
1. A. Yariv, Y. Xu, R. K. Lee, and A. Scherer. "Coupled-resonator optical waveguide: a proposal and analysis," Opt. Lett. 
2. Y. Xu, R. K. Lee, and A. Yariv. "Propagation and second-harmonic generation of electromagnetic waves in a caupled- 
3. S.  Mookherjea and A. Yariv. "Kerr-stabilized super-resonant modes in coupled-resonatorpptical waveguides," Phys. Rev. 
4. S.  blookherjea and A. Yariv. "Pulse propagation in a coupled-resonator optical waveguide to all orders of dispersion," 
5. C. K. hladsen. "General IIR optical filter design for WDhl applications using all-pass filters," J. Lightwave Technol. 18, 
6. B. E. Little, S. T. Chu, W. Pan, D. Ripin, T. Kaneko, Y. Kakubun, and E. Ippen. "Vertically coupled glass microring 
7. G. Lenz, B. J. EBleton, C. K. hladsen, and R. E. Slusher. "Optical delay lines based on optical filters," J. Quant. Elect. 
8. J. E. Heebner and R. W. Boyd. "'Slow' and 'fast' light in resonator-coupled waveguides," J. Mod. Opt. 48, 262G-2636 
9. A. Melloni and F. Morichetti. "Linear and nonlinear pulse propagation in coupled resonator slaw-wave optical structures," 
Opt. Quant. Electron. 35, 365379 (2003). 
10. K. Oda, N. Takato, and H. Toba. "A wideFSR waveguide doublering resonator for optical FDM trammission system," 
J. Lightwave Technol. 8, 728-736 (1991). 
11. R. Orta, P. Savi, R. Tascone, and D. Dinehero. "Synthesis of multiple-ring resonator filters for optical system," Photon. 
Technol. Lett. 7,  1447-1449 (1995). 
12. B. E. Little, S .  T. Chu, H. A. Haus, J. Foresi, and J.-P. Laine. "h?licroring resonator channel dropping filters," J. Lightwave 
24, 711-713 (1999). 
resonator optical waveguide," J. Opt. Soc. Am. B 77, 387-400 (2000). 
E 88, 046610 (2002). 
Phys. Rev. E 65, 056601 (2002).  
860-868 (2000). 
resonator channel dropping filters," Photon. Technol. Lett. 11, 215-217 (1999). 
37, 525-532 (2001). 
(2002). 
T ~ C ~ O I .  15, 998-1005 (1997). 
